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A n u m e r i c a l  m e t h o d  of  c a l c u l a t i n g  the  t e m p e r a t u r e  f ield in a f luid 

flow with va r i ab l e  phys ica l  cha rac t e r i s t i c s  is e x a m i n e d .  The e o n d i -  

t i o m  of  c o n v e r g e n c e  and s t ab i l i ty  o f  the d i f fe rence  equa t ion  o f  h e a t  

p r o p a g a t i o n  are inves t iga ted .  As an e x a m p l e ,  c e r t a i n  results o f  c a l -  

c u l a t i o m  o f  a t w o - d i m e m i o n a l  t e m p e r a t u r e  f ield,  pe r fo rmed  on a 
d ig i t a l  compu te r ,  are p r e s e m e d .  

Consider  the t r a n s f e r  of heat in a fluid flow when 
the p a r a m e t e r s  X, c, 3' and the veloci ty  w a re  func- 
t ions  of position, t ime, o r  t empera tu re .  A numer ica l  
method of  in tegrat ion of  the differential  equation of 
heat propagat ion 

D (c y t) == di v (Z, grad t) (1) 
d'r 

was described in [i, 2]. This paper is a continuation 
of the author's previous work. It examines the finite 
difference equation corresponding to the process of 
propagation of heat in a fluid flow with variable physi- 
cal characteristics and investigates the conditions of 
convergence and stability. We transform (1) to the 
following form: 

a . _ L . _ !  0't ~ . . . . . .  w k -  

k~l k=l 

, 

cv L a~ ~ ax~ I (~.) 

To obtain the f in i te -d i f ference  approximat ion of  (2), 
we r e p r e s e n t  the par t ia l  der iva t ives  in the fo rm of 
di f ference re la t ions :  

, , a t  _- t,+~--___~t + 5,;  (3) 
O'~ 1 

"OXk- = 2h, +e~k: cp = t ,  X, cy; (4) 

@t t~, + t~, - -  2t = n~, + 5;, ; (5) 

a(cv___~) = c v - - ( c ~ ) , - t  + ~t  . (6) 
o ,  1 

Here  l and h k a re  the space and t ime steps along the 
a x e s ~ a n d x  k ( k = l ,  2, 3), t = t  (xl, x2, xs, ~'), ty+t = 
= t  (xl, x2, x3, m + l ) = t  (~ '+l) ,  t k = t  (Xk +hk) ,  t k =  
= t (x k - h k ) .  

Values  of  approximat ion  e r r o r s  e can be calcula ted . 
f r o m  Tay lo r t s  intell~olation fo rmula .  The i r  o r d e r s  a r e  
r e spec t ive ly  

% ----- 0(1); ~ , - =  O(h~); e;,=. 0(/~); , cT=O( I ) .  (7) 

Taking account  of  (3)-(6), we can wri te  equation 
(2) in the following difference form:  

3 

3 

~ X Bk[(l--ck)u~ +(l+Ck)dkl '  

where  

(8) 

3 
(cvl~-tcv) ,  l __t c v -  (c v),-, + y ~k 

5 4 =  cy l 2h k J 
k=l 

The ~ne t ion  u l .+ /approximates  the rea l  value of the 
t empe ra tu r e  tr+ l wi th  e r r o r  (4 = t - u): 

3 

3 

+ X Bkl(l--C~)g~ + ( l + C k } g i l  + IR. 
k=l 

The function 

R = - - 5 ,  + cu k=t k--I 

3 3 +iX, o, o.o, 
cu e~  Ox~ cy  tk 

lr t k ~  l 

as follows f r o m  (7) is of  the o r d e r  of O(h~, l). 
P roceed ing  to an invest igat ion of  the convergence  

of the di f ference equation (8) to the different ial  equa- 
t ion (2), we show that  this is in fact  the case  if  the 
conditions 

3 

2 X B k + M ~  1 +pl ,  M > - - p l ,  (Ii) 
k u l  

IC~l < l (12) 

are  sat isf ied.  The re la t ions  (I1) es tabl i sh  that  the 
o r d e r  of  l mus t  be no less  than h~. 

We denote by 6,r a posi t ive number  which is l e s s  than 
than the g r e a t e s t  absolute value of ~ fo r  all  nodes o f  
the space  network at t ime  r. Then f r o m  (9) the re  f o l -  
l o w s  the inequali ty 

3 

i=..! 

3 

Z Bk{ll--ckl + [1+ ckl} 6T + [~/. 
k=l 
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With account  for (11) and (12), we rewr i te  (13) as 
follows: 

i~r.~ ":.6~(1-- 2pl)  ..... [51, 

from which there  immed ia t e ly  r e su l t s  

.~,,a - 5 . ( 1  2pl)". :-. [(l.:...2pl) ',,-~ .:-(1- 2pl)". '-' 

(!  , 2pl)  ,- 1] ~ l .:: 60 (1-- 2pl) ~ m ( I --- 2p/)" [~ l. (14) 

If it is a s sumed  that T = mI is  some bounded quan-  
t i ty,  then 

( 1 ~- 2pl) ~ .~  l 2p: 

also has some finite value.  Since the quanti ty 50 can 
be ca lcula ted  with any degree  of a ccu racy  [2], f rom 
inequal i ty  (14) it follows that 

!.~ I <: Ch~ and lira ~ -,- O, (15) 
h.O 

where C is a pos i t ive  n u m b e r  which does not depend 
on h k. 

Thus,  W e n  condi t ions  (11), (12), the d i f ference  
equat ion (8) p e r m i t s  one to calculate,  the t e m p e r a t u r e  
function with an e r r o r  of o r d e r  h~. F r o m  (15) the re  
d i rec t ly  follows the convergence  of the d i f ference  
equat ion (2). 

In f inding the n e c e s s a r y  condi t ions  of s tab i l i ty  of 
the d i f fe rence  equat ion (8), we suppose that the d i s -  
t r ibu t ion  function of round-off  e r r o r s  ~, which is  given 
by the equation 

' r l , r  

3 

+ V 
/,'--d 

can be expanded 

He re 

3 ' / 
, 

k - - I  

�9 & .  l ( l . - c , ~ n ;  . . (1 �9 c ~ ) n ; l ,  

in s e r i e s  [3] 

3 

iy  ") '1,, " .__. L ~ V  V --~' T.o. e xp ( ~t,.k.v~ �9 
l i t  /~: n a  ' k = - ]  

n k j,~ 
on, . . . . . . .  ; T,, ,-:  (T,)~=0; T. = 

N~,h, 

T.(r, ~t m , tt.,,, }1,,:,, /h, /h, h:,); 

(16) 

(17) 

N k is  the n u m b e r  of s teps  h k included in the p ro jec t ion  
of the reg ion  in ques t ion  on the axis  Xk; n k = 1, 2, . . . .  

N k - 1. 
We r e p r e s e n t  the e x p r e s s i o n  for  the fianction ~ in 

the fo rm of a s e r i e s  (17), in which Tn0 is  r ep laced  
by Tn. Af ter  subs t i tu t ion  of 7/ in (16) we i m m e d i a t e l y  

obtain 

T, =. (%):"1, (18) 

3 3 

1..--2 I}~, B~ .... M = ~ B ~ I ( I - ,  C k ) e x p ( i l l . k h ~ ) +  

k -  I k = . ;  

.... (l-{-C;)exp(- i,, ,  h.) 

o r  

1 ..... M--.2 ~ ( ! . - cosp , , rhDB~+i  �9 2B~.C,,~hlp,, .h 

k ~ l  k -:1 

F r o m  (18) it follows that T n will be bounded i.f 

, q~. ,~ l - - .\'l. (19) 

We set C k <- 1 and denote by ~ the value of #nkhk, 
at which the function [~Pn[ is  a max imum.  Then the in -  
equality. (19) can be t r a n s f o r m e d  to 

3 

"k -  : 

3 

- -  M - - ~  B~'/ ..:1 +:VI. 
z . ~  , ] 

k = l  

The inequal i ty  (20) holds if  condit ion (11) is s a t i s -  
fied. Thus,  the condi t ions  of s tab i l i ty  impose  on the 
choice of space and t ime  steps the same l imi ta t ions  
as the condi t ions  of convergence  of the d i f ference  
equation (18). They se rve  as a ba s i s  for cons t ruc t ing  
the space ne twork  and choosing the step 1 for n u m e r i -  
cal  ca lcu la t ion  of the t e m p e r a t u r e  field in a fluid flow. 

0.8 

a6 

f 2 i - - " - ~ i  

o 0..5 t ~.5 2 r/R 

N ons t e a dy - s t a t e  t e m p e r a t u r e  field in a s lot  aiong the 
p lane  Y/Yc = 0.7 5: 1 , 2 , 3 , 4 ,  5,) r e s p e c t i v e l y ,  at t i m e s  
~'/3600 = 0 . 5 ;  1; 1 .5 ;  2; 3 .52 sec.  Curve  5 r e l a t e s  

to condi t ions  c lose  to s t eady- s t a t e .  

In conclus ion ,  by way of example ,  we shall  examine  
the p r ob l e m of a n o n s t e a d y - s t a t e  t e m p e r a t u r e  field in 
a fluid flow moving  in a s lo t - type  channel ,  it  is a s -  
sumed that  the mot ion is  laminar~ se that the veloci ty  
prof i le  in the channel  is pa rabo l ic :  

w e ::  2w,~ l I ( g / p , f - !  

The fol lowing in i t ia l  data a re  a s sumed :  t (x ,  y, 0) = 

= 0 ; t  (x, Y0, ~) = t  (x, - Y 0 ,  7 ) = 0 ; t  (0, y ,  T ) =  1; 
(~2t 03, y, ~) ) /~x  2= 0 03 is  the length of the channel) ;  

B x = B v = 0 .25;  Cma x = (2w0hxcy)/2X = 1; hx/Y0 = 

= hy/h 0 = 0 .25 ;  l = 45 sec;  w0 = 1/3600 m / s e c .  
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The sys t em cons i s t ing  of (8) and the f in i te-di f fer -  
ence approximat ions  of the boundary  condit ions is  
solved by the pivot method at each moment  of t ime  
T = ml .  Success ive  t r a n s i t i o n  f rom the l aye r  ml  to 
the l ayer  (m + 1 ) / d e t e r m i n e s  the change of the t e m -  
p e r a t u r e  function in t ime .  The f igure p r e s e n t s  the 
r e su l t s  of ca lcu la t ions  pe r fo rmed  on a digital  compu-  
t e r .  

As these  ca lcu la t ions  show, viola t ion of condit ions 
(11) and (12) usua l ly  makes  it  imposs ib le  to obtain the 
expected r e su l t s .  

NOTATION 

p) positive constant: 6) positive number which satisfies the condi- 

tion ~5 >- {R{; 50) value of 5 T at time r = 0; N) a certain constant: 
w0) mean velocity; 210) width of channel. 
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